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Abstract
In this paper we give a short proof that an ovoid of PG(3, q) is stabilized by a non-trivial central
collineation of PG(3, q) if and only if it is an elliptic quadric.
© 2003 Elsevier Science Ltd. All rights reserved.
1. Introduction and definitions
In this paper we prove the following theorem.
Theorem 1.1 (Main Theorem). An ovoid of PG(3, q) is stabilized by a central collinea-
tion if and only if it is an elliptic quadric.
Note that this result is already well-known for q odd and so this case is only considered
for the sake of completeness.
We will assume that the reader is familiar with the fundamentals of ovals and ovoids
(see [3–5]) and also with the basics of generalized quadrangles (GQs), (see [8]).
An important class of GQs for our purposes is that constructed by Tits (see [8]). Let
n = 2 (respectively, n = 3) and let O be an oval (respectively, an ovoid) of PG(n, q).
Further, let PG(n, q) = Σ∞ be embedded as a hyperplane in PG(n + 1, q). Define
points as (i) the points of PG(n + 1, q)\Σ∞, (ii) the hyperplanes Σ of PG(n + 1, q) for
which |Σ ∩ O| = 1, and (iii) one new symbol (∞). Lines are defined as (a) the lines
of PG(n + 1, q) which are not contained in Σ∞ and meet O, and (b) the points of O.
Incidence is inherited from PG(n + 1, q), plus the point of type (iii) is incident with all
lines of type (b). The GQ is denoted by Tn(O) and has order (q, qn−1).
Suppose that Ω is an ovoid of Σ∞ = PG(3, q) and that T3(Ω) is the GQ constructed as
above fromΩ ⊂ Σ∞ ⊂ PG(4, q). LetO be any oval section of Ω contained in the plane π
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and Σ any hyperplane of PG(4, q) containing π and distinct from Σ∞. Then considering
O ⊂ π ⊂ Σ gives rise to a T2(O) subquadrangle of T3(Ω) in the following manner. Taking
the construction of T2(O) fromO ⊂ π ⊂ Σ as above the point (∞) of T3(Ω) is identified
with the point of type (iii) of T2(O); a point Σ ′ of type (ii) of T3(Ω) meeting Ω in a point
ofO is identified with the pointΣ ′ ∩Σ of T2(O). The points of type (i) of T2(O) are points
of T3(Ω), and similarly lines of T2(O) are lines of T3(Ω).
An ovoid Ω of a GQ S of order (s, t) is a set of points such that each line of S is incident
with precisely one point of Ω . It follows that Ω has st + 1 points.
By [8, 2.2.1] if S is a GQ of order (s, s2), S ′ a subquadrangle of S of order s, then
each point of S not a point of S ′ is collinear with s2 + 1 points of an ovoid of S ′. Such an
ovoid is said to be subtended. It follows from a result of Bose and Shrikhande [1] that any
subtended ovoid may be subtended by at most two points of S\S ′, in which case it is said
to be doubly subtended. In the case that each subtended ovoid of S ′ is doubly subtended,
S ′ is said to be a doubly subtended subquadrangle of S. The following theorem on such
subquadrangles will be important in the proof of our main theorem in the case where q is
even.
Theorem 1.2 (Thas [9]). Let S = (P,B, I ) be a GQ of order (s, s2), s 
= 1, having
a doubly subtended subquadrangle S ′ = (P ′,B′, I ′) of order s. If s is even, then S ′ is
isomorphic to the classical GQ W (s) arising from a symplectic polarity.
Suppose that T2(O) is a subquadrangle of T3(Ω) constructed from the hyperplaneΣ of
PG(4, q) meeting Σ∞ in the plane π containing O. If Σ ′ is a point of type (ii) of T3(Ω)
not identified with a point of T2(O), then it is a hyperplane of PG(4, q) that intersects Σ in
a plane π ′ containing no point of O. If  is the line π ∩ π ′ of PG(4, q), then the ovoid of
T2(O) subtended by Σ ′ is (π ′\) ∪ (∞). Now since  is contained in precisely two planes
ofΣ∞ that are tangent toΩ it follows that the ovoid (π ′\)∪(∞) is subtended by precisely
two points of T3(Ω)\T2(O), that is, it is doubly subtended.
If X is a point of type (i) of T3(Ω) in PG(4, q)\(Σ ∪ Σ∞), then the ovoid of T2(O)
subtended by X is the projection ofΩ from X ontoΣ with the points ofO removed and the
tangent planes of the projected ovoid at points ofO added. If X , Y ∈ PG(4, q)\(Σ ∪Σ∞),
then X and Y subtend the same ovoid in T2(Ω) if and only if the projection of Ω from X
and Y , respectively, onto Σ is the same.
2. Proof of the main theorem
First let E be an elliptic quadric of PG(3, q) and let ⊥ denote the polarity of PG(3, q)
defined by E . Let P be any point of PG(3, q) not in E . It is routine to check that there is
a unique non-trivial collineation of PG(3, q) with centre P and axis P⊥ that stabilizes E
(see [6, Lemma 22.6.3]). Note that when q is odd this collineation is a homology and when
q is even an elation.
Next suppose that Ω is an ovoid of PG(3, q) that is stabilized by a non-trivial central
collineation Γ of PG(3, q) with centre P . If q is odd, then Ω is an elliptic quadric and
the theorem is proved. So from this point we suppose that q is even. Let ⊥ denote the
symplectic polarity of PG(3, q) defined by Ω . As Γ fixes P linewise and also fixes Ω it
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must also fix each point of Ω on a tangent line through P . It follows that the axis of Γ
must be P⊥ and that Γ is an elation. Let O denote the oval P⊥ ∩ Ω . Embed PG(3, q) in
PG(4, q) as the hyperplane Σ∞ to construct T3(Ω) and also construct the subquadrangle
T2(O) of T3(Ω) from a hyperplaneΣ of PG(4, q) meeting Σ∞ in π = P⊥.
Lemma 2.1. The subquadrangle T2(O) of T3(Ω) is doubly subtended if and only if Ω is
stabilized by an elation with centre P and axis π .
Proof. First, let Γ be the non-trivial elation of Σ∞ with centre P and axis π stabilizing
Ω . It was noted in Section 1 that each ovoid of T2(O) subtended by a point of type (ii) of
T3(Ω) is doubly subtended. Now we consider ovoids subtended by points of type (i). Let
Γ be the unique extension of Γ to an elation of PG(4, q) with centre P and axis Σ . Let
X be a point of PG(4, q)\(Σ ∪ Σ∞) and let ΩX be the ovoid of T2(O) subtended by X .
Let Y = Γ (X), then it follows that X 
= Y and that Y also subtends ΩX in T2(O). Hence
T2(O) is doubly subtended in T3(Ω).
Next suppose that T2(O) is doubly subtended in T3(Ω) and let X , Y ∈ PG(4, q)\(Σ ∪
Σ∞), X 
= Y , subtend the same ovoid in T2(O). Let Σ be a hyperplane of PG(4, q)
containing π and distinct from both Σ and Σ∞. Let HX and HY be the collineations with
axis Σ and centres X and Y , respectively, that map Σ∞ onto Σ . As X and Y subtend the
same ovoid in T2(O) it follows that HX(Ω) = HY (Ω). So H−1Y ◦ HX (Ω) = Ω and since
X 
= Y it follows that H−1Y ◦ HX is not the identity. Further since H−1Y ◦ HX has axis Σ
it cannot fix Σ∞ pointwise, and so in Σ∞ must induce a non-trivial collineation with axis
π and fixing Ω . Such a collineation must be an elation with centre P , and the lemma is
proved. 
We now show that the fact that T2(O) is doubly subtended is enough to force the ovoid
Ω to be an elliptic quadric.
Lemma 2.2. The subquadrangle T2(O) of T3(Ω) is a doubly subtended ovoid if and only
if Ω is an elliptic quadric.
Proof. First, if Ω is an elliptic quadric, then T3(Ω) is isomorphic to the GQ Q(5, q) (see
[8, 3.2.4]) and T2(O) is isomorphic to a Q(4, q) subquadrangle of Q(5, q) obtained by a
hyperplane intersection (see [7]). In this case it is routine to check that every subtended
ovoid of any Q(4, q) subquadrangle is doubly subtended.
Next, if T2(O) is doubly subtended in T3(Ω), then by Theorem 1.2 it follows that
T2(O) ∼= W (q) and so by [8, 3.2.2] we have that O is a conic. From the main result
of [2] it now follows that Ω is an elliptic quadric. 
Combining Lemmas 2.1 and 2.2 completes the proof for q even and hence Theorem 1.1
is proved.
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